Abstract. The purpose of this paper is to establish some relationships between proper efficiency of set-valued optimization problems and proper efficiency of vector variational-like inequalities under the assumptions of generalized cone-preinvexity. Our results extend and improve the corresponding results in the literature.
Introduction
The concept of vector variational inequality (for short, VVI) was first introduced and studied by Giannessi [10] in finite-dimensional spaces. Since then, VVIs have received much attention by many authors due to its potential application in vector optimization problems (for short, VOP), vector traffic equilibrium problems, economics, and management science. A great deal of results have appeared in the literature (see, for example [9, 11] and the references therein). It is well-known that a differentiable minimization problem is closely related to a variational inequality of differential type (see, e.g., [16] ). This fact motivates researches to study the relation between a solution of the VVI and a solution of the VOP. Giannessi [12] obtained the relation between a solution of a Minty VVI and an efficient solution or a weakly efficient solution to the VOP under the assumptions of convexity. Yang et al. [25] generalized the results of [12] to pseudoconvexity. Recently, the VVI has been extended to the vector variational-like inequality (for short, VVLI). Yang and Yang [24] derived some relations between a solution of a Minty VVLI and an efficient solution or a weakly efficient solution to the VOP under the assumptions of pseudoinvexity. Al-Homidan and Ansari [1] also studied the relationship between the solution to VVLIs and a efficient solution or a weakly efficient solution to nonsooth VOPs involving nondifferential invex functions. Very recently, Long et al. [19] generalized the results of [1] to nondifferential pseudoinvexity. For other results on this topic, we refer readers to [2, 3, 4, 17, 20, 22, 23] and the references therein.
On the other hand, one of the most important problems in vector optimization theory is to find the efficient points of a set. However, some efficient points exhibit certain abnormal properties. To eliminate such anomalous efficient points, various concepts of proper efficiency have been introduced. In particular, Henig [14] introduced a class of properly efficient points, which is known as Henig properly efficient points in finite dimensional spaces. Borwein and Zhang [6] extended Henig properly efficiency to a normed space and also introduced the concept of super efficiency for the VOP. Gong [13] introduced the definition of Henig properly efficient solutions, globally properly efficient solutions and super efficient solutions for set-valued optimization problems (for short, SVOP) in locally convex spaces.
Recently, Liu and Gong [18] studied the relationships between proper efficiency of the VVI and proper efficiency of the VOP under the assumptions of convexity. Very recently, Zeng and Li [26] discussed the relation between a weakly efficient solution to the SVOP and a solution of VVLI involving generalized invexity.
We remark that, so far as we know, there are no paper dealing with the relation between proper efficiency of the SVOP and proper efficiency of the VVLI in locally convex spaces. This paper is the effort in this direction.
Motivated by the work in [18, 26] , in this paper, we discuss the relation between proper efficiency of the SVOP and proper efficiency of the VVLI under the assumptions of generalized cone-preinvexity. Our results extend and improve the corresponding results of [18] .
Preliminaries
Let X be a real Hausdorff topological vector space and Y be a real locally convex Hausdorff topological vector space. Let C be a closed convex cone in Y with a nonempty interior intC. The cone C induces a partially ordering in Y with the relations y 1 ≤ y 2 ⇔ y 2 − y 1 ∈ C;
Let Y * be the topological dual space of Y and C * = {f ∈ Y * : f (x) ≥ 0 for all x ∈ C} be the dual cone of C. Denote the quasi-interior of C * by C ♯ , i.e.,
Let A be a nonempty subset of X, we denote the closure of A by cl(A). A nonempty convex subset B of C is called a base of C if C = cone(B) and 0 / ∈ cl(B). It is well known that C ♯ = ∅ if and only if C has a base. Set
By the separation theorem of convex sets, we know that
. By the separation theorem of convex sets, there exists f ∈ Y * \{0} such that
Note that for any convex neighborhood U of 0 with U ⊂ V B , B + U is a convex set and 0 / ∈ cl(B + U ). Therefore, C U (B) := cone(B + U ) is a pointed convex cone and C\{0} ⊂ intC U (B).
Let K be a nonempty subset of X,
is called the graph of the mapping F . The set
is called the epigraph of the mapping F .
We now recall some definitions and lemmas which will be used later.
Definition 2.1 ([7]
). Let K be a nonempty subset of X and x 0 ∈ clK. The contingent cone T (K, x 0 ) to K at x 0 is the set of all h ∈ X for which there exist a net {t α : α ∈ I} of positive real numbers and a net {x α : α ∈ I} ⊂ K such that lim α x α = x 0 and lim
It is easy to see that (i) y ∈ DF (x 0 , y 0 )(x) if and only if there exist a net {(x α , y α ) : α ∈ I} in epi(F ) and a net {t α : α ∈ I} of positive real numbers such that
(ii) the set-valued mapping DF (x 0 , y 0 ) is positively homogeneous with closed graphs.
Remark 2.2. From Definitions 2.2 and 2.3, we have
). The set K is said to be generalized invex with respect to η and ϕ if, for any x, y ∈ K and λ ∈ [0, 1], we have y + ϕ(λ)η(x, y) ∈ K.
Definition 2.5.
[21] Let K be generalized invex with respect to η and ϕ. The set-valued mapping
Y is said to be generalized C-preinvex on K if for any x, y ∈ K and λ ∈ [0, 1], one has
Remark 2.3. If ϕ(λ) = λ, then the generalized C-preinvex set-valued mapping is just the C-preinvex set-valued mapping which introduced by Bhatia and Mehra [5] .
The following lemma will be used in the sequel which plays an important role in proving our main results.
Lemma 2.1 ([21]).
Let (x 0 , y 0 ) ∈ graph(F ). Let K be a generalized invex set with respect to η and ϕ and the set-valued mapping
Let K be a nonempty subset of X, F : K → 2 Y be a set-valued mapping and C ⊂ Y be a closed convex cone. In this paper, we consider the following set-valued optimization problem (in short, SVOP):
We denote 
Generalized vector variational-like inequalities
In this section, we discuss the relation between the proper efficient solution of set-valued optimization problems and the proper efficient solution of vector variational-like inequalities.
Let (x 0 , y 0 ) ∈ graph(F ). In the following, we always assume that DF (x 0 , y 0 ) exists, and η(K, x 0 ) belongs to the domain of DF (x 0 , y 0 ).
In this section, we consider the following generalized vector variational-like inequality (in short, VVLI): find x 0 ∈ K and y 0 ∈ F (x 0 ) such that
where A ∪ {0} is a pointed convex cone. 
(ii) (x 0 , y 0 ) is called a globally proper efficient solution of the VVLI, if there exists a pointed convex cone H ⊂ Y with C \ {0} ⊂ intH such that
(iii) (x 0 , y 0 ) is called a super efficient solution of the VVLI, if for each neighborhood V of zero, there exists a neighborhood U of zero such that
Remark 3.1. If we assume η(x, x 0 ) = x − x 0 and replace DF (x 0 , y 0 ) by D c F (x 0 , y 0 ), then Definition 3.1 reduces to the definition introduced by Liu and Gong [18] .
Theorem 3.1. Let B be a base of C. Let K ⊂ X be a generalized invex set with respect to η and ϕ, and the set-valued mapping Suppose by contradiction that for the above U ⊂ V B , there exists x ∈ K such that
By the definition of generalized contingent epiderivative,
It follows that there exist a net {(x α , y α ) : α ∈ I} in epi(F ) and a net {t α : α ∈ I} of positive real numbers such that
Since y ∈ −intC U (B) and y = lim α t α (y α − y 0 ), there exists α 0 ∈ I such that
This implies that
and so
. This fact together with (2) and (3) yields
Conversely, let (x 0 , y 0 ) be a Henig proper efficient solution of the VVLI. Then there exists some neighborhood U of 0 with U ⊂ V B such that
Since intC U (B) is a convex cone and k > 0,
This fact together with Lemma 2.1 yields
Therefore, (x 0 , y 0 ) is a Henig proper efficient solution of the SVOP. This completes the proof. Suppose by contradiction that (x 0 , y 0 ) is not a globally proper efficient solution of the VVLI. Thus, for any pointed convex cone
. By the definition of generalized contingent epiderivative,
Thus there exist a net {(x α , y α ) : α ∈ I} in epi(F ) and a net {t α : α ∈ I} of positive real numbers such that lim α (x α , y α ) = (x 0 , y 0 ) and lim
It follows that there exists α 0 ∈ I such that
This fact together with (5) yields
Conversely, let (x 0 , y 0 ) be a globally proper efficient solution of the VVLI. Then, there exists a pointed convex cone H ⊂ Y with C \ {0} ⊂ intH such that
Similar to the proof of Theorem 3.1, we can obtain that (x 0 , y 0 ) is a globally proper efficient solution of the SVOP. This completes the proof. Proof. Since Y is a topological vector space, for each neighborhood V of zero, there exists a neighborhood V 1 of zero such that clV 1 ⊂ V . Let (x 0 , y 0 ) be a super efficient solution of the SVOP. Then, for above V 1 , there exists a neighborhood U of zero such that (6) cone(
and λ ≥ 0 such that
Since y ∈ DF (x 0 , y 0 )(η(K, x 0 )), similar to the proof of Theorem 3.1, there exists {(x α , y α : α ∈ I)} in epi(F ) such that y = lim α t α (y α − y 0 ). This fact together with (7) yields
It follows that there exists α 0 ∈ I such that λ(t α (y α − y 0 )) ∈ U − C, ∀ α ≥ α 0 .
On the other hand, λ(t α (y α − y 0 )) ∈ λ(t α (F (K) − y 0 )) ⊂ clcone(F (K) − y 0 ).
Therefore, z ∈ clcone(F (K) − y 0 ) ∩ (U − C) ⊂ clV 1 ⊂ V, which implies that cone(DF (x 0 , y 0 )(η(K, x 0 ))) ∩ (U − C) ⊂ V.
Hence, (x 0 , y 0 ) is a super efficient solution of the VVLI.
Conversely, by Lemma 2.1, F (x) − y 0 ⊂ kDF (x 0 , y 0 )(η(K, x 0 )).
It follows that (8) cone(F (x) − y 0 ) ⊂ cone(DF (x 0 , y 0 )(η(K, x 0 ))).
Since (x 0 , y 0 ) is a super efficient solution of the VVLI, for each neighborhood V of zero, there exists a neighborhood U of zero such that (9) cone(DF (x 0 , y 0 )(η(K, x 0 ))) ∩ (U − C) ⊂ V.
Combining (8) and (9) yields cone(F (x) − y 0 ) ∩ (U − C) ⊂ V.
Therefore, (x 0 , y 0 ) is a super efficient solution of the SVOP. This completes the proof.
Remark 3.2. It is worth mentioning that the assumption of generalized Cpreinvexity is only needed for the proof of the sufficiency of Theorems 3.1-3.3.
Remark 3.3. Theorems 3.1-3.3 generalize and improve the corresponding results of Liu and Gong [18] in the following three aspects:
(i) The setting of normed spaces is generalized to locally convex spaces.
(ii) The constraint set which is a convex set is extended to the generalized invex set. (iii) The C-convexity of F is extended to generalized C-preinvexity.
